Abstract-Data envelopment analysis (DEA) has been a popular approach in performance measure. However, alternate optimal solutions exist in most linear programming solutions of an efficient decision making unit (DMU), and reduce the effectiveness of the DEA cross efficiency evaluation method in ranking DMUs. Some methods choosing different weight sets in the alternate optimal solutions to perform cross efficiency evaluation have been studied in the literature. This paper introduces an approach to find two weight sets with opposite secondary objectives: one minimizes the number of efficient DMUs and the other maximizes the number of efficient DMUs, in the alternate optimal solutions, for cross efficiency evaluation. Both weight sets are used to compute cross efficiency evaluation in DEA. The intuition of this approach is that a "truly" efficient DMU is expected to perform well in any efficient weight sets in DEA. Therefore, a more efficient DMU is expected to have a higher evaluation than those of other less efficient DMUs when evaluated with weight sets that are different in their weight patterns. Computational results are provided to show the value of the proposed approach.
I. INTRODUCTION
Data Envelopment Analysis (DEA) is a very popular method in performance measure. Consider n decision making units, DMU j (j = 1,2,…,n) each of which has m inputs x ij (i = 1,…, m) and s outputs y rj (r = 1,…, s). The relative efficiency of each DMU 0 can be obtained from the following linear programming (LP) model [1] , usually known as the CCR model: 
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where u r (r = 1,…, s) and v i (i = 1,…, m) are factor weights for output r and input i, respectively. Despite of its popularity, a common problem in DEA is that all efficient decision making units (DMUs) have the same efficiency ratio which makes it difficult to rank efficient DMUs. Reference [2] uses cross-efficiency ratios to provide discrimination among efficient DMUs. Cross-efficiency ratios of a DMU are obtained by using optimal weights from other DMUs to compute efficiency ratios. Then, the average values of cross-efficiency ratios can be used to rank DMUs in terms of their efficiencies. The argument of using cross-efficiency ratios is that an efficient DMU should maintain good performance under different weight patterns. As a result, it is expected that the higher the cross-efficiency ratio, the more efficient is the DMU. However, alternate optimal solutions exist in most linear programming solutions of an efficient DMU, and reduce the effectiveness of ranking DMUs using cross-efficiency ratio in DEA.
Methods choosing weight sets among the alternate optimal solutions to perform cross efficiency evaluation have been studied in the literature. References [3] [4] propose several secondary objectives to look for a more suitable weight set within the alternate optimum region. Reference [5] combines discriminant analysis and superefficiency DEA model in DEA cross efficiency evaluation. Reference [6] proposes a model that minimizes deviations of input and output weights from their means for efficient DMUs in data envelopment analysis. Reference [7] introduces a cross efficiency evaluation method based on weight-balanced data envelopment analysis model. Reference [8] proposes two formulations on the secondary goal namely: minimizes the best cross-efficiency of peer DMUs of crossefficiency in DEA, and maximizes the worst crossefficiency of peer DMUs of cross-efficiency in DEA. Reference [9] proposes new methods for ranking decision making units based on the dispersion of weights and Norm 1 in Data Envelopment Analysis. Reference [10] applies super-efficiency DEA model to find the most efficient decision making unit in DEA. Reference [11] introduces a new ranking method base on maximum appreciative e cross-efficiency in DEA. Reference [12] extends secondary goal models to incorporate weight selection in DEA cross-efficiency evaluation. Reference [13] suggests performing DEA cross-efficiency evaluation based on Pareto improvement.
The idea of using cross efficiency evaluation is to evaluate DMU by different weight sets. Intuitively, adding more suitable weight sets in cross efficiency evaluation will increase the reliability of the evaluation. Therefore, in this paper for each efficient DMU, we introduce an approach to find two weight sets with opposite secondary objectives, namely: (1) minimizing the total number of efficient DMUs and (2) maximizing the total number of efficient DMUs, among the multiple optimal solutions in DEA for cross efficiency evaluation. A "truly" efficient DMU is expected to perform well in any efficient weight sets in DEA. Therefore, DMUs that are more efficient are expected to perform better in the above weight sets in cross efficiency evaluation than DMUs that are less efficient.
II. PROPOSED MODELS
We propose a model minimizing the numbers of efficient DMUs (MINEFF) as the secondary objective for each efficient DMU in DEA. Consider an efficient DMU, DMU 0 , MINEFF is formulated as follow:
where ∈ {0,1}, ℎ ≥ 0, ∈ , E is a set which contains all efficient units; , ≥ 0, r = 1, … , s, i = 1, … , m; M is a large positive number. The efficiency of DMU 0 is preserved by (5) and (6) . In (7) and (8), if z j = 1, DMU j is inefficient; and z j = 0, otherwise. The objective function of MINEFF (4) minimizes the number of efficient DMUs.
In determining a second model to find another weight set, since our goal is to find a weight set which is different substantially from the weights obtained from the previous model, therefore; instead of minimizing the number of efficient DMUs as in MINEFF, we propose maximizing the number of efficient DMUs (MAXEFF) as the secondary objective. Therefore, for each DMU 0 , the proposed model, MAXEFF, is listed as follows:
where ∈ {0,1}, ℎ ≥ 0, ∈ , E is a set which contains all efficient units; , ≥ 0, r = 1, … , s, i = 1, … , m; M is a large positive number. The efficiency of DMU 0 is preserved by (10) and (11). In (12) and (13), if z j = 1, DMU j is inefficient; and z j = 0, otherwise. The objective function of MAXEFF (9) maximizes the number of efficient DMUs.
In cross-evaluations, it is better to have optimal weight sets that are heterogeneous. Then the efficiency of each DMU can be evaluated by different weight patterns. Increase the heterogeneity among the optimal weight sets used may increase the accuracy of cross-evaluation since for a truly efficient DMU, it is expected that it remains efficient or near efficient under different weight patterns. Our approach provides two sets of optimal weights which are obtained from two opposite secondary objectives. The two sets of optimal weights obtained from the two secondary objectives are expected to be very different in terms of their weight patterns. It should be noted that the proposed approach only uses weight sets obtained from efficient DMUs. We do not use weight sets obtained from inefficient DMUs, since we believe that the weight sets from inefficient DMUs are unlikely to be good representatives of the true underlying weight structure. Therefore, for each efficient DMU, the proposed approach provides two sets of optimal weights for the computations of cross-efficiency ratios.
We summarize our proposed approach as follows: (1) Determine efficient DMUs in E by solving the CCR model for each DMU. (2) Solve MINEFF and MAXEFF for all DMUs in E found in Step (1). (3) Calculate for each DMU, the cross-efficiency ratio using the optimal weight set obtained from MINEFF for each efficient DMU in E. Repeat the computations using optimal weight set obtained from MAXEFF. (4) Then for each DMU calculate the average crossefficiency ratio by taking the average of all the crossefficiency ratios obtained in Sep (3) above. We call our proposed method combined crossefficiency approach (COMBINE).
III. COMPUTATIONAL EXAMPLES

A. Original Data
We apply the proposed approach to a data set which was initiated by [14] and had been studied by [15] [16] [17] . This data set is composed of one input, which is total cost (TC), and three outputs, namely: the number of teaching units (TU), regular patients (RP) and severe patients (SP) of 15 hypothetical hospitals. The original data were generated by the equation suggested by [14] as shown below:
Total Cost = 0.5 TU + 133.68 RP + 174.74 SP (14) The first seven hospitals were generated as efficient hospitals. The total cost of each efficient hospital is exactly equal to the weighted sum of outputs as computed by (14) . The rest were generated as inefficient hospitals. The total cost of each inefficient hospital is larger than the weighted sum of outputs as computed by (14) . The inputs, outputs, and true efficiency ratios of the 15 hospitals are listed in Table I . True efficiency ratio of a hospital is derived as the weighted sum of outputs divided by the weighted sum of inputs of the hospital using weights from (14) . The first seven hospitals have efficiency ratios equal to one while the efficiency ratios of other hospitals are less than one. We applied DEA (i.e., CCR model) to solve the original 15 hospitals problem. We also applied simple cross-evaluation (SCE) to calculate the average cross-efficiency ratio for each hospital. In SCE, we used weight sets of all DMUs from the CCR model to compute cross-efficiencies of DMUs. Then we solved MINEFF and MAXEFF for each efficient DMU in E. We then used optimal weight sets obtained from MINEFF and MAXEFF of each efficient DMU to compute the cross-efficiency ratios for each DMU. Then the COMBINE average cross-efficiency ratio of each DMU was calculated by taking the average of all the cross-efficiency ratios obtained from the two secondary objectives of all the efficient DMUs. The results are reported in Table II . In order to measure how well each approach can generate efficiency ratios of each DMU similar to the true efficiency ratios, we computed Pearson correlation and Spearman's rho between the efficiency ratios obtained from each approach and the true efficiency ratios. We expected that the higher the correlation coefficients, the more similar are the efficiency ratios to the true efficiency ratios.
In Table II , efficiency ratios obtained from DEA and COMBINE have very high Pearson correlations and Spearman's rho with the true efficiency ratios. However, the ratios obtained from SCE, on the other hand, has low correlations with the true efficiency ratios. This finding can be explained by the effect of alternate optimal solutions discussed previously. The optimal weight set of an efficient DMU obtained from the CCR model is usually coming from the first solution found by the computer software, which very often does not represent the true underlying weight structure. Using weight sets obtained from MINEFF and MAXEFF, average crossefficiency ratios of COMBINE have high Pearson correlations and Spearman's rho with the true efficiency ratios.
B. Modified Data
The original data set has only one input. However, in DEA, DMUs usually have multiple inputs. As a result, we partitioned the total cost in equation (14), into two elements using the following equation, Total Cost = 25 Cost 1 + 50 Cost 2 (15) Substituting (15) into (14), it becomes, 25Cost 1 + 50Cost 2 = 0.5TU + 133.68RP + 174.74SP (16) The values of the two new costs and the three outputs are listed in Table III . The original total cost of each hospital remains the same after split. The true efficiency ratios of all hospitals are shown in Table III . The first seven hospitals have efficiency ratios equal to one and HOSPITAL 8 to HOSPITAL 15 have efficiency ratios less than one. The true efficiency ratios of the 15 hospitals are the same as in Table I .
In addition, we added two new hospitals to the data set. Both HOSPITAL 16 and HOSPITAL 17 are newly added hospitals. HOSPITAL 16 is designed to be more efficient than the original 15 hospitals with true efficiency ratio equal to 1.0526, while HOSPITAL 17 is designed to be less efficient than the original 15 hospitals with efficiency ratios equal to 0.8333. We performed DEA, SCE, and COMBINE on the first 15 DMUs in Table III . The results are reported in Table IV . We first study the original 15 DMUs since their results can be compared with those obtained in Table II and from other previous studies. We then applied all methods to all 17 hospitals. The results are reported in Table V and Table VI . In Table IV , both DEA and SCE perform poorly in terms of Pearson Correlation (and Spearman's rho) which are equal to 0.592 (0.539) and 0.334 (0.328), respectively, while the Pearson Correlation and Spearman's rho of COMBINE are equal to 0.881 and 0.918, respectively. When compared with the results from Table II, the poor performance of DEA and SCE can be explained by an increase in the feasible region of the LP model when the original input was split into two different cost elements. This allows a higher flexibility in choosing optimal weights in the feasible region; therefore, the model has a higher chance to deviate from the true underlying weight set. In practice, multiple inputs is more common than a single input in DEA applications. In this case, the proposed approach performs much better than DEA and the SCE methods. . In the experimental design we intended to make HOSPITAL 17 as very inefficient compared with other DMUs and it is ranked last among all DMUs in terms of efficiency. However, only COMBINE has ranked HOSPITAL 17 correctly. Again in this case, the proposed approach performed better than DEA and SCE.
IV. CONCLUSION
This paper proposed two secondary objectives in DEA to search for better optimal weight sets in the alternate optima in DEA. The two secondary objectives are very different in terms of their optimization objectives: one is to minimize the total number of efficient DMUs and the other is to maximize the total number of efficient DMUs. With these two extremely different objectives, their weight sets obtained are expected to be very different. The intuition of this approach is that a more efficient DMU is expected to perform better than other less efficient DMUs when evaluated with efficient weight sets that are different substantially in their factor weights. Furthermore, adding more weight sets in the computation of cross-evaluation will increase the reliability of the cross-evaluation method. Computational results show that the proposed approach performed well when compared to both DEA and the simple cross-evaluation methods. Future research areas may include the possibility of adding more weight sets that contain factor weights in different weight patterns in the cross-evaluation in DEA.
